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Beryn

MeTonu MaTeMaTHYHOTO MOJEIIOBAHHS 3a7]a4 €KOHOMIYHOTO MPO( IO JOCUTH Ya-
CTO 3BOJSITHCS 70 pO3B’A3yBaHHS AudepeHIialbHUX piBHIHB Ta ix cucteM. Kypcu Ta-
KUX AUCIUIUTIH, K «ExoHOMeTpukay, «JlocnimkenHs onepaniin», «OCHOBH Teopii Ma-
COBOTr'0 0OCITYrOBYBaHHS» BEJIMKOIO MIPOIO BMIIYIOTh B ce0€ BUBUEHHS quepeHIliaib-
HUX PIBHSHB Ta CUCTEM AU(EpEHIIAIbHUX PIBHIHB SIK PE3YyJIbTaTIB €KOHOMIYHUX J10C-
JIKEHD.

MeTa BHUBYEHHS AMCLUMIUIIHM — 3aCBOEHHS CTYJEHTaMU 0a30BHX MaTeMAaTHUYHUX
3HaHb, HEOOXITHUX i Yac mpodeciiHol AIATbHOCTI, (JOPMYBaHHS JIOTTYHOTO MHUCIICH-
HS Ta BUPOOJIEHHS HABUYOK MAaTEMATUYHOTO JOCHIIKEHHS NPUKIAJIHUX €KOHOMIYHHUX
3aay. Y pe3ysiabTaTi BUBYEHHS JUCHUIUTIHU CTYJCHT HOBUHEH:

®3HATH: OCHOBU BHUIIOI MAaTEMATHKH, 10 € (YHAAMEHTOM MaTE€MaTUYHOI OCBITH
CHEIIANICTIB €KOHOMIYHOTO MpOQLII0; POJiIb Ta MICHE MaTEeMaTUYHUX METOAIB Yy
PO3B’s3yBaHH1 HU3KH MPAKTUYHUX 33]1a4;

eBMiTH: (OPMYITIOBATH €KOHOMIYHY 3a7auy B MAaTeMaTHUYHUX TEPMIHAX 1 3HAXO-
JIUTH IUIXU PO3B’SA3KY II€T 3a7a4l; aHATI3yBaTU OJEpKaHl pe3yibTaTH 1 HA iX OCHOBI
CTBOPIOBATH MPAKTUYHI pEKOMEHAIII1.

MeTtonuyHui MOCIOHUK CTaBUTH 332 METY — JIONOMOTITH CTY/CHTY CAMOCTIHHO OBO-
JIOJIITH PO3B’SI3yBaHHAM 3aJlay Ta MPUKIA/IB 3 Kypcy BUIOi MaTeMaTtuku. Lle Bu3Haun-
JIO CTPYKTYypy mociOHWKa. Y HbOMY MojaHo ¢GopMysnd Ta TaOIuIll, HEOOXITHI JIs
pPO3B’SI3KY 3aJlay, Ta HABOAMUTHCS JOCTATHS KUIBKICTh JAETAJIbHO PO310paHMX 3aaad i3
BKa3aHMMU METOJaMU iX pO3B’A3KY, NPOIMOHYETHCS PsA 3a7ady g CaMOCTIHHOTO
po3B’si3anHs. Cepejl po3B’sI3aHUX 3a/1ad YMMajlo TakKuX, SIKI MOXKHA Ha3BaTH THIIOBUMHU,
B Oy/Jb-sIKOMY BHIIJIKy O3HAHOMJICHHS 3 HUMHU JI03BOJISIE€ CTYACHTY 32 HE3HAYHOI JIOMO-
MOTH 3 OOKy BHKJIaJlaya OBOJIOAITH OCHOBHUMHU METOAAMU PO3B’S3aHHS 3a/1ay JaHOTO
THUITY.

SIx mpaBmIiio, y MOCIOHMKY HaBOJSATHCS HECKJIAAHI 3a7a4di. ABTOPU CBIJOMO Hama-
raloThCs YHUKHYTH 3a7a4 MiJBUIIECHOT CKJIAJAHOCTI, OCKUIbKUA MParHyTh HABYUTH CTY-

JIeHTa PO3B’S3yBaTU OCHOBHI 3aJ1aul, 1aTU JCSIKUM MIHIMYM, HEOOX1THUHN /ISl 3aCBOEHHS



CTYJICHTOM BHUMOT BHIIIBCHKOI MPOTrpaMu KypCy BHIIOi MAaTEMATHKH JIJIT EKOHOMIYHUX
CIEIIaJIbHOCTEN.

§1. IMO®EPEHIIAJIBHI PIBHAHHSA NEPIIOIO NOPAAKY
1.1. 3araJbHi NOHATTA Ta 03HAYECHHA
O3n. JludepeHIiianbHUM Ha3UBAETHCS PIBHSHHS, IO 3B’SI3y€ MK COOOI0 HE3aJIekK-
HYy 3MIHHY X, QYHKIIIO Y Ta ii noXigHi abo audepeniianu. HaliBummii nopsgok moxis-
HOT BU3Haya€ NMOPSAI0K AudepeHIianbHoro piBHsIHHSA. Hanpuknan, piBHAHHS:

SO,y 5" C) =0 (D
€ TU(epeHIiaIbHUM PIBHIHHSAM TPETHOro NMopsaky. HasBHICTh MOXiIHOT M AU epeHIi-
ana B qudepeHIiiaibHOMYy pPIBHSIHHI 000B’SI3K0OBA, TO/1 SIK 3MIHHI X YA ) MOXYTb OyTH
BiacyTHi. Hanpukian, piBHsSHHS y" =4 sBiisge o000 audepeHiriagbHe PiBHAHHS APYTo-
ro MOpsIIKY, HE 3Ba)Kal0YM HA BIICYTHICTh Y HOMY 3MIHHUX X Ta ) .

O3n. Po3B’s13k0M UG EpEHITIATBHOTO PIBHIHHS Ha3UBA€ThCS QyHKIIS V= f(X),
AKa OyJIy4d MIACTaBICHOIO pa3oM 31 CBOIMM MOXITHUMHU Yy Nu(epeHiiaibHe pIBHSIHHSA,
MEPETBOPIOE HOTO Y TOTOXKHICTb.

[puknan 1: po3s’s3atu audepeHiiaabae piBHSIHHL ) = 2x + 2.

Toxi dy=(2x+2)dx:>y=J(2x+2)dx:x2+2x+C].

[puknan 2: po3s’s3atu audepeHiiaibae piBHIHHEA )" = 2x + 2.

3
Y'=2x+2=y' =x*+2x+C, :>y:x?+x2+C]x+C2.

[puknan 3: po3s’s3atu audepeHiiaabae piBHIHAS )" =2x + 2.
x3
Y'=2x+2=y"=x"+2x+C, =y ="—+x"+Cx+C, =
3

xt X

2
+—+C‘—x+C2x+C3.
2

= y=""
TR

Po3B’s13k1 BCIX TphOX AU(EpEeHIIAIbHUX PIBHIHb HA3UBAIOTHCS 3a2albHUMU. Y KO-

JKHOMY 3 HUX YUCJIO CYTTEBO HC3AJICIKHUX CTAIINX 30Ira€Thbes 3 MMOPAOIKOM piBHHHHH.



O3n. CyTT€BO HE3ICKHUMHU CTAJIUMU HA3WBAIOTHCS TaKi CTall, sIKi HE BUPAXKaIOTh-
Csl OJTHA Yepe3 OJIHY.

Hanpuknaa, sxmo po3B’s30K TPEThOro PIBHSAHHA 3amucaTd y  BUIJISIL

4 3 2

x x Cx )
+—+——+Cx+C,+C,+C,, 10 cram C3, Cy, Cs HE HAJIEXKATh 10 CYTTEBO He-

T3

3anexHuX, ockuibku C+C, +C =C, toai sx C; 1 C, ogHa 4epe3 OJHY HE BUPAKAIOTHCSL.
O3n. Sximo nns audepeHIiaIbHOTO PIBHSHHS BIOMI JEsKi TOAAaTKOBI YMOBH, 3a

SKUX MOKEMO BU3HAUYNUTHU KOHKPETHI 3HAUYCHHS CTaJIUX, 10 3aJ0BOJILHSAIOTH 3a/1aH1 yMO-

BH, TO TaKl1 JIOJIaTKOBi YMOBH HA3WBAIOTHCA ITOYATKOBUMH YMOBAMM.

[puknan: y' =2x+2;y(1)=2. IlouatkoBa ymoBa y(l)=2 o3Hauae, Mo QGyHKIIIA
y= f(x) mpoxoauth 4yepe3 Touky (1; 2). Tomi y =x*+2x+C. HaknaneMmo mo4aTkoBy
yMOBY x=1;y=2=2=1+2+C = C=-1. I3 3aranpHOro po3B’A3Ky 3HaXOJUMO 4Yac-
THHHUHN pO3B’A30K y = x° + 2x — 1. 3a 3MiHM IIOYATKOBUX YMOB 3MiHIOETHCS BULJISL Yac-

TUHHOTO PO3B’SI3KY, AKUX 13 3araJIbHOrO PO3B’ 3Ky MOKHA 3HANUTH Oe314.
SIK BIZOMO 3 1HTETPAJIBHOTO YUCIEHHS, 3HAXOKeHHS (PYHKIIT 3a BIJOMOIO ii Moxi-
JTHOIO MTPOBOJUTHCA 32 JII€I0 IHTETPYBAHHS, TOMY PO3B’ 30K AU(PEPEHIIATBHOTO PIBHSIH-

HS 3BOJUTHCS 70 i€l ail. SIkmo nudepenitiaibie piBHIHHA Mae BUISA ' = f(x), TO
Horo 3aranbHUI po3B’sI30K Oyne: ¥ = J f(x)dx+ C. IIpu uboMy He Ma€e 3HA4YCHHS, 00YH-

CJIIOETHCS 1IEH IHTEerpal Y Hi.

1.2. Indepenuianbhi piBHsAHHA | mopsaaKy 3 BiloKpeMJIeHUMHU 3MiHHUMH
Icnye nexinbka BUAIB Au(EpeHIIaTbHUX PIBHSIHb MEPIIOrO MOPSAIKY, SK1 TOCUTh
Jerko o0uucioThess. OJHUM 3 TaKUX THIIB € AU(EpeHIliaibHl PIBHIHHS 3 BITOKPEM-
JIOBAaHUMH 3MIHHUMHU.
O3n. JludepenuianbHUMU piBHAHHIMHU | TOpANKY 3 BIJOKPEMIICHUMH 3MIHHMUMU

HA3MBAIOTh TaKl AU(epeHIiaibHl pIBHAHHS, K1 MOXKHA NPECTABUTU Y BUTJIAII:

v = fx)-£,(»). )

Sxmo f,(y)# 0, To #oro MoXHa 3amMCaTH Y BUTIIALI: % = f(x)dx. 3)
Jx



I Toni roBopATk, 110 3MiHHI BiToKpeMmd. B 3aransHoMy Bumnanaky piBHsSHHA (3) €
YaCTKOBUM BUIAAKOM piBHSAHHS: f, (x)dx+ f,(¥)dy=0. Y upomy piBHSIHHI Oins qude-
peHIiana dx BicyTHs (DYHKIIiS, 10 3aJICKUTH Bix ), a Ot qudepenitiana dy Biacyr-
Hs QyHKIIIS, M0 3a]eXuTh B X. KaxyTb, 110 3MiHHI BiloKpemJieHl. [3 BracTuBOCTEMN
HEBHU3HAYEHOI0 1HTETpajia BiIOMO, IO MalOTh 3MICT TUIbKH Tl IHTETpaJIU, B IKUX (YHK-
1ist 1 Audepeniiiai MalTh OJIHY 1 Ty K 3MIHHY. Y PIBHSHHI 3 BITOKPEMJICHUMU 3MIHHHU-

MU caMe TaKWi BUMAJ0K, TOMY TaKi piBHSHHS PO3B’A3YIOTh METOJIOM IHTETPYBaHHS:
[ fi)dx+ [ f,(»)dy =C.

[pukian: po3s’s3ati piBHAHAS x dx + y°dy =0.
x3 y3
Ixzdx+Iy2dy=C:>?+?=C:>x3+y3 =3C.
OTtpumainu 3araJbHUN PO3B’ 30K PIBHIHHS.
JlocuTth yacTo JjIsl TOro, 00 OTPUMATH PIBHSHHA 3 BIJOKPEMIIIOBAHUMH 3MIHHHU-

MU, 3MIHH1 HEOOX1THO BiTOKpeMuTu. Hanmpukiaz, sik y HaCTymHOMY PiBHSHHI:

L)L)+ L) f,(0)y =0, 4
a60 y nqudepeHianbpHii Gopmi, sK:
S )L, (0)dx+ fi(x) f,(v)dy = 0. )

bins dx, xpim ¢ynkuii f,(x), sxa ueil audepeHIian 3a10BONbHSIE, 3HAXOAUTHCS
byukuia f,(y), gka nei qudepeHmian He 3aJ10BOJIBHSE, ajle 3a10BOJIbHIE dy . AHaOri-
yHO (pyHKIIA f,(x) HE 3aJ0BONIBHSE dy, ane 3a70BojbHAE dx . DyHKuii, 110 HE 3a]J0BO-

JBHAIOTH TUdEpeHIliaam, HEOOXITHO BITOKPEMHTH, IO JOCATAETHCS IUIIXOM JIJICHHS

Ha Bci (yHKUIi, 10 HE 3aJ0BONBHAIOTH AudepeHtianu. [lo Hux Hanexats f,(y) Ta
J3(x).
TakuM yuHOM, AJIA BIIOKPEMJICHHS 3MIHHUX PIBHSHHSA HEOOX1IHO MOAUIMTH HA J10-

oyrox f,(y)- f,(x). Orpumaemo:
L) Lo s + () fo()dy _ _ AG) - fids | fi(x) Sy

-
L) fo(x) fo(0) - fo(x) £G) fi(x)
S L)y
fi(x)y  £0)



3MiHHI BITOKpEMJIEH], TOMY MOKEMO PIBHSIHHS IHTETPYBATH:

J'f(x)d J'ﬂ(y)d —C.
1 (X) ,(¥)

[puknaa: po3s’s3aTu AudepeHiiaibie piBHIHHSA ydx + xdy = 0.

ydx+xdy:O @JFQ 0O=>Ihx+lny=InC=Inxy=InC = xy =C —3arajnpHuil

Xy XY

PO3B’S130K PIBHSIHHS.

1.3. Onnopiani 1udepeHniaabHi piBHAHHS
O3n. OJHOPITHUM HA3UBAETHCS TaKe PIBHSIHHS, B SIKOMY MHOXEHHSI KOXHOI HEBI-
JIOMOi Ha BEJMYMHY ¢ TPU3BOAMTH O MHOXEHHS BChOrO PIBHSHHSA HA BEJIMYMHY (.
[Ipu ubOMY YHCIIO 77 BKa3ye Ha MOPSAIOK OJHOPIAHOCTI OTO PIBHSHHSL.
Hanpuknaz, piBasuas y° +5xy —6x° =0 Oyje oAHOPiAHUM, 60 MHOXKEHHS KOXKHOI
HeBigomoi Ha ¢ gae (&y)” + 5(tx)(ty) — 6(xx)* = 0. 3Bincu:
£’y +5m-ty—6t°x =0=1*(y* +5xy—6x>) =0.
PiBHSHHA NOMHOXEHE Ha ¢, TOMY BOHO MAa€ IPYrHi MOPSIOK OIHOPIIHOCTI.

Po3B’s3y€eThbest Take pIBHSHHA 3aMiHOIO ) = f£x (TOOTO f = 4 , e x#0).
X

Otxe, MaemMo: y> +5xy —6x° =0 = ’x> + S5xtx —6x° =0 =

> +5t-6=0
-

’x* + 5 —6x° :O:>x2(t2+5t—6):O:>{
x#0
P +5t-6=0=t=-6Ut,=1=> y=—6xUy=x.

O3n. OnHopinHUM JUdepeHLialbHUM PIBHSHHSAM Ha3UBalOTh AUQeEpeHIlianbHe

piBHHHHH, SKC MOJKHA 3aIlluCaTu 'y BI/IFJISII[i:

y'=f(1j, ©)
X



abo f,(x,y)dx+ f,(x,y)dy =0, ne f,(x,y) 1 f,(x,y) — OGHOP1AHI QYHKIII, L0 MalOTh

IMopAa0K OI[HOpiI[HOCTi n.y ObOMY BHIIAAKY MOXKCMO JICTKO HepeﬁTH A0 BHAY

y' = f(lj . SIku1o y KoXkHiH 13 (QyHKIIIM BUHECTH MHOKHHMK X", TO BOHU 3alIULIYThCS:
x

£ (x, y)—x"F( j if(x, y)—x"F(yj
X X

Toni: x"F](Zjdx+x"F( jdy O:x( ( jdx+F( jdyj:O:
X X X X

:>F,(Z)dx+Fz(Z)dy=0:>Fl(l)+F( jdy O:F(y)y#Fl(lj:O:
X X X x ) dx X X

A2 )

D)
HudepeniiiaibHe OAHOPIAHE PIBHSIHHS, K 1 3BUYaliHE OJIHOPINHE, PO3B’SI3YETHCS

><|‘<

X

3aMiHOl0 y = fx. [licTaBUMO 3aMiHy B pIBHSHHS:

y':f@):t'xﬂx’:f(t):n'xwzf(t):>t'x=f(t)—t:>t’xdx=(f(t)—t):>
dt__dv_ g _di
[t x 77 fe)-
dt
f()—t

xdt = (f(¢)-t)dx = = In|x|+In|C].

SIK1110 MO3HAYNTH J' =F(t), T0 F(t)=InCx = F(Zj =In Cx.

x
OTtpumainu po3B’ 30K OJHOPITHOTO AU EPEHIIATBHOTO PIBHSHHS B 3arajJbHOMY

BUTJIS L.

[pukna: po3s’s3aty qudepeHiiiaibHe piBHIHHSL: ) = Yy 1gx .

X

Jlane piBHSIHHA € OJHOPIIHMM, TOMY CKOPHUCTA€EMOCS 3aMIHOIO y = X4, TOJl
noxigHa y' =u+ xu'. [lincTaBUMO MOKJIAICHY 3aMiHy Y 3a/IaHE PiBHSHHS:

,Xu xXu
u+xu =—+itg—=
X X

u+xu' =u+tgu =

, du
Xu =tgu => x— =1gu.
dx



. : : x
[ToMHOXUMO NaHe pIBHSHHS Ha cfgudx, TOAl OTpUMaHe PIBHSIHHSA cigudu = — —
x

PIBHSHHS € TudepeHiaJbHUM 3 BIIOKPEMIIIOBAHUMU 3MIHHUMU.

[aTerpyroun 0OuABI YACTHUHU PIBHSIHHS, OJIEPKUMO:

ln‘sinu‘ = ln‘x‘ +InC;

ln‘sinu‘ = ln‘Cx ;

sinu = Cx = u = arcsin(Cx).

Ockinbku y = xu, 10 y = xarcsin(Cx) — 3aranbHUil pO3B’A30K PiBHAHHS.

1.4. JliniiiHi 1udpepeHniaJbHi PiBHAHHS 3 NPAaBOI0 YaCTHHOI)
O3n. JliHiiiHUM TudepeHLiaTbHUM PIBHSAHHIM HAa3UBA€THCS TaKe PIBHSAHHSA, B SIKO-
My BEJIMYMHU ) Ta ' 3HAXOMAATHCS B MEPIIOMY CTEICHI 1 HE MEPEMHOXKYIOTHCS MIXK
c00010. 3aragbHUM BUTIISAL TAKUX PIBHSAHD:
Y+ p(x)y = q(x). (6)
HasBHicTh npaBoi YacTUHU 1030aBIIIE MOXKJIMBOCTI BIIOKPEMHUTH 3MiHHI. Y aude-
peHIianbHIN hopMi pIBHSIHHS OyJe:
dy+ p(x)ydx = g(x)dx.

ITix yac mineHHs HA ), IKE 3HAXOIUTHCS Ol dX, OTPUMAEMO:
Y + p(x)dx = @dx :
y y

VY mpaBiif yacTuH1 BiiokpemiieHHs BincyTHe. Lle Tomy, mo cnpasa npucytHs QyH-
Kiist g(x), sika B MOMNEpPEe/IHIX TUMaX PIBHAHb Oyja BiACYTHA (IIpaBa 4acTHHA PIBHSIHHS
JOpiBHIOBAJIA HYJIIO).

Icnye nekunbka crnocoOiB po3B’sA3yBaHHS JIIHIMHUX PIBHSIHB 3 MPaBOIO YACTHUHOIO.

3a Metogom bepHymni mo3HaunuMo y=uv, 3 sSkux oaHy (# abo V) MOkKeMO BHOpaTH
Hanepea. Hanpukian, QyHKIiI0 y=sinx MOXEMO BUPa3UTHU Y€pe3 Harepe] 3aJaHy

sin x

¢byukiito y =Inx Takum unHOM: SInX =Inx- 1
nx



Otxe, B piBHSIHHI )+ p(X)y = ¢(x) 3poOUMO 3aMiHy ) = UV, IPUYOMY BUOECPEMO V
Harnepen (GyHKIi0 v HeoOXiqHO BUOpATH TaKoro, 1100 BOHA MOJIETIINIA PO3B’ I3yBaHHS
piBHsIHHS). [[71s1 criporeHHs 3anucy piBHSHHS 3aMicTh p(x) Oyaemo mucatu p, a 3a-
micte ¢g(x) BiamosimHo ¢g. Tomi:

V+px=qg=>uv+w'+ puv=qg=>uv+u(v'+ pv)=q.

Bubepemo v Takoro, 1100 BUpa3 B IyKKax JOPIBHIOBAB HYIIO, TOOTO: V' + pv =0,

[Ticns migcTaHOBKY B PIBHSHHS OTpUMaeMo: u'v+0-u=q =>u'v=gq.

Takum unHOM, OTpUMAJTH J1Ba PIBHIHHS:

Vi+pv=0; u'v=gq.

Po3B’s13yeMo nepiiie piBHSHHS 1 3HAXOAUMO 3HAUEHHS V, SIKe MIACTABISIEMO B JIpY-
re PIBHSHHS 1 3HAXOAMMO u'. 3aBISKH MOKJIMBOCTI BHOOPY DYHKIIT V, BUOEpEMO 3 HUX
Ty, ¥ AKOi cTaja, o 3’ ABJIA€TbCA i Yac 0OYMCIEHHS] HEBU3HAYEHOTrO 1HTEerpasia, J0pi-
BHIOE HymO. [InsxoM iHTerpyBaHHs 3HaXOAUMO (DYHKIIIO %, MICIS YOro 3HAXOJIUMO

y=uv. I[OCI/ITB 3pY4HO 3 000x 3HaI>iI[eHPIX piBHSIH]': CKJIaCTU CUCTCMY:

Vi+pv=0

(7)

u'v=0
[puknan: po3s’si3atu nudepeHilianbae piBHIHHSA: ) =2y + X
JlaHe piBHSHHS € JIIHIMHUM, OCKUTBKK ) 1 ' B OJHAKOBOMY CTEICHI (IIEpIIOMY),
TOMY CKOpHCTaeMOcs 3aMiHo0 y=uv i y' =u'v+uv'. Toni:
u'v+u' =2uv+x,
v(u' +2u)=x—uw,
u' +2u+0,
x—uv' =0,
Po3B’sxeM0 OKpeMo Tiepliie piBHSIHHS CUCTEMU:
u'+2u=0,

@+2u=0, -@,
dx u

10



du

—+2dx=0,
u
du
j 74‘2." dX—O,

X

Inu+2x=0=u=e"".

OTpuMaHuii BUpa3 MiACTaBMMO B IPYTe PiBHAHHSI CHCTEMH
x—u'=0=>x-e"V'=0,

L av dx

x—e - —=0,| -—,

dx e’
xe’*dx—dv=0,

I xez"dx—j dv=0.

O6YKCcIMMO YacTUHAMHU MEPIINI THTEeTpal:

dv=e"dx xe” e’x xe e
erxdx: 2x = _[ZZ = ————|—C
j du =dx e v 2 2 2 4

u=x

2% 2%

. Xe e
Tomi, ——T+C=v.

X X
. L, xet € x 1 C .
I3 mocraBnenoi ymoBu: y=uv=e (————+C)=———+—— — 3arajbHui
2 4 2 4 e

PO3B’SI30K TU(EepeHITIaTbHOTO PIBHSIHHS.

1.5. Y3araabHeHe nudepenuiaiabHe JiHiiiHe piBHAHHA bepHyii
O3n. Y3araJlbHeHUM JU(EpeHIialbHUM JiHIHHUM pIBHSHHSAM bepHyIil Ha3uBa-
€TbCS PIBHSHHS BUY:
V4 p(x)y=q(x)-y". @)
Sxuo n =0, TO OTpUMaAEMO JIiHINHE PIBHSIHHS, PO3IJIAHYTE Y MONEPEAHBOMY ITYyH-

KT1. Y3arajJbHEHE PIBHSHHS TaKOX PO3B’A3ye€ThCs 3aMiHOWO Y =uV. OyHKIii p(x) Ta

g(x) nmo3nauatumemo p Ta q. Tomi:
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Y+py=qy = uv+uw' + puw=quw) = uv+ulv' + pv)=qu'v' =
vi+ py =0 vi+ pv=0
' n.on = ' n_ n-1"
uv=qu'v u' =qu'v
3HailieHe 3 mepuioro piBHSAHHSA 3HAYEHHS V TMIACTABISEMO Y ApYyre PIBHSHHS 1

3HAaX0AUMO CITIOYATKY 3HAYCHHA u', a MOTIM U.

[puknaa: po3s’sizatv AudepeHIiaibHe PIBHIHHS y'—szzy2 3a IMOYaTKOBOI

X
ymoBu: y(1)=1.
v —2=0
BBenemo 3aminy y = UV 1 pO3TISHEMO CUCTEMY PIBHSHb X
u'v=x'u’v’

, : % % v
Po3B’spxemo niepiie piBHsSHHS: V - —=0=>Vdx——dx=0=>dv—-—dx=0=
x x x

dv dx
=>—=—=lhv=hx=v=x
vV X

[TincTraBuMO oTpUMaHe 3HAUYCHHS V Y APYTe PIBHIHHS:

du
uv=xu’v' =u' =xwv=u'di=xwxdx=>du=xv'dx=> —=x'dx=
u

4
Id—?zjx3dx:>—l=x——C] N, B . S
u u 4 x*—4C, C-x*
4 4x

C—x4:C—x4'

Toni: y=uv=x-

=1=C=5.1li-

Haknanemo noyatkoBy ymoBYy: sikiio x =1, To y =1. Toni:

ACTAaBUMO OTPHUMAHC 3HAYCHHA C y 3araJibHum pOBB’HSOK piBHHHHSI 1 OTpUMAEMO YaCT-

4x

5—x

KOBHI pO3B’S30K: ) = e

1.6. PiBHsiHHA y moBHUX audepeHnianax

Jns  QyHKmii ABOX 3MIHHUX 2z = f(x,y) NOBHUU aAudepeHIia]l € BUPa3OM

0z 1074 . .. ) . )
dz :a—dx+a—dy, Jle YaCTUHHI MOXiH1 — Aeski (yHKIi Bl 3MIHHUX X Ta) , TOOTO
X Y

12



Oz Oz . . . 0’z . 0’z

> =P(x,y) i 8_: O(x,y), a MimaHi MOXiJHI APYroro MOPSJIKY oxdy 1 Orix piBHI
MK co6oro. Tomy: g}lj Zg
JlocuTh 4acTo 3ycTpiyaroThes piBHSIHHS | mOpsaKy y BUIIISIAL
Ji(xy)dx+ f(x, y)dy =0 (10)
o (%) _ 9 (x,p)

, TO 111 PyHKIIIT €

O3n. Slkmo ¢yskuii f(x,y) 1 f,(x,»y) Taki, mo o .

YAaCTUHHUMU MOXITHUMHU, a came JAu(epeHIliajibHe PIBHAHHS Ha3UBAETHCS PIBHSHHAM Y

noBHUX Iudepenuianax, B skomy dz =0 (toai z=C).

oF (x,y)

Skmo f1(x,y) € YaCTHHHOIO NOXIJHOW — ", B SIKii ) BUKOHYE POJIb CTAJIOA,
X
OF (x
o éx e = [ £ (x.y)dx = F (x,9)+ C().

Oyukiis C(y) rpae ponb cranoi. OTpumana GyHKIIS BUKOHYE POJIb PO3B’S3KY Pi-

BHsHHS, ane ¢yHkuis C()) HeBimoma. Pasom 3 TuMm f,(X,y) — YacTHHHA MOXiIHA

w , TOMY MOXIJIHA B1J] OTPUMAHOI0 PO3B’SA3KY:
y
& (F )+ O = £l ) = T LDy,
v oy
3mw£g%22ﬂu’) ]gyhjaw “ﬂuy)ﬁFuy%

Ockunbku dz =0, To oTpuManuii po3B’s130k F(x,y)+ C()) HeoOXiIHO NpUPIBHATU
aesikii cranid, tomy F(x,y)+C(y)=C, Oyne po3B’s3KkoM AUPEPEHLIATBHOIO PIBHSH-
HSl.

[puknan 1: po3s’ssatu piBasaas (x° + y)dx +(x* +4y*)dy +0.

[lepeBipsieMO HasIBHICTH TOBHOTO AMQEpEHITiaia:

ai(x2 +y)=1; ai(x3 +4y’)=3x". Ane 3x* #1, ToMy Lie piBHAHHS He OyJ€e PiB-
)y X

HSHHSIM y TIOBHUX Au(epeHIrianax.
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[puknan 2: po3s’s3atu piBasHAA 2x) dx +(3x°y’ +1)dy =0.

I[lepeBipsiemMo YMOBY§(2xy3) = ai(3x2y2 +1)=2x-3y*=3-2x-y".
y x

OTxe, 11 € pIBHIHHA Yy NOBHUX qudepeHniianax. Tomy:

ijy3dx = y3j2xdx =xy'+C(y).

Otpumana GpyHKIIS Taka, 10 YACTUHHA MOXiaHA MO 3MiHHIN V € 3x°y° +1, Tomy:
2 y 2

ai(xr"y3 +C(Y)=3x"Y’ +1=>x*-3y"+C'(»)=3x"y"+1= C'(y)=1= C(y)=y.
Y

OTxe, 3arajibHUN PO3B’ 30K PIBHIHHS Oy/e:

3ayesasicenHs. 3aMiCTh 5
v

3MIHHA X.

oC(y)

x’y+y=C.

sanucanu C'(y), Tomy mo y ¢yskuii C(y) BincyTHs

3ABJIAHHS JUISI CAMOCTIMHOI POBOTH

3HailTh 3aranbHUi po3B’s30K AUGeEpeHIIaIbHUX PIBHAHb 3 BIIOKPEMIIIOBAHUMU

3MIHHUMMU:

X

1. y'=e™;

1
3. y'= ;
YT s

s L@

2 2

X Y
7.y =3 xy
9. Vx'y' = y*x;
1. [xpy'=y’;
13. y' =y
15. y' = yi/x’y;
17. xmdx+ymdy+0;

2. y'=sin5x;

1
4, y' = ;
Y sin’2x

6. y'=e"

8. ' =yi/xy;
10. /xy = y*;
12. y'= pix’y";
14. 2/xy" =4/yx
16. y'=3/x'y;

18. xpy' =1-x°;

14



19

.y =107 20. y' =2y +1)ctgx.

Po3B’s3aTu oHOpinHI TudepeHianbHi pIBHSIHHS:

21. (x+y)dx—(x—y)dy =0; 22. xdx— ydy = ydy ;
23. (x2+xy+y2)dx=x2dy; 24. xy' = y+4y’ —x*;
2
25. xy'=y1n1; 26. y'=y—2—2;
X X
, 2xy A
27,y =——; 28. y'=—+—;
A Xy

29.

31.
33.
3S.
37.
39.

41.
43.
45.
47.

4

o

xy' —y=+y"+x°; 30. v’ +x*y =xpy.

Po3B’s13aTu niHilHI AUQEepeHITialbHl pIBHIHHS:

V' +2xy=xe ™ ; 32. xy'=ylny;

xy' =2y =2x"; 34. (2x+1)y'=4x+2y;

y+y=x; 36. (xy+e")dy—xdy=0;

x*'y' +xy+1=0; 38. y = x(y' — xcosx);

2y =x(xy'—1)lnx; 40. y'—y=¢".

Po3B’s13aTu y3aranbHeHi nudepeHuianbHi piBHAHHS bepHyii:

yx+y=-xp*; 42. y'+2xy=2x"y’;

xy'+y=x"Inx; 44. (2xy + y* )y = dx ;

(leny—X)y'=y; 46. y' +2xy =x"y’;

Yx+y=5x"y"; y()=1; 48. yx+3y=4x"y"; y() =1;
.(2xy+y4)dy:dx;y(1):l; 50. xy'+y=xInx; y(e)=1.

Po3B’s13aTu Audepeniiianbii piBHIHHS Y MOBHUX AU epeHIianax:
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51. (x2 +y2)dx—2xydy=0; 52. (3y+4x)dx+(3x+3y2)dy=0;
53. (y2 +8x)dx+(2xy+5y3)dy=0; 54. (xey)y'+ey +ye" =0;
55(+x1/x +y)d ( x+y )ydy 0;

IHIMBITY AJIbHI 3ABJAHHS

Po3B’s13aTu AudepenIiianbHl piIBHSAHHSA:

n

’ X n ’ n-
a)y=ez,,—_3y; 6)\/;)’:)’ ’
B) (x" +y" v —(x" — " Jdy = 0; ) y'—%=e”";
) y'—X:x"y”; e) 2xy"dx+(nx’y"" +n)dy =0.
X

A€ n — HOMCDP CTYACHTA 3a CIIMCKOM.

IHAUTAHHA 151 CAMOIIEPEBIPKH

1. SIxi piBHSIHHS Ha3UBAIOThCS AU EpeHIIaTbHUMU?

2. Sk BU3HAYA€ETHCS MOPSIOK AUPEPEHIIATIBHOTO PIBHIHHS ?

3. llo Ha3uBaeTHCs O3B’ SI3KOM TU(DEPEHIIaTBLHOTO PIBHSHHS?

4. 1o Take cyTTEBO HE3aICKH1 CTa1?

5. Illo Take yaCTUHHMII Ta 3arajibHUN PO3B’A30K AUPEPEHIIATBHOTO PIBHAHHS ?
6. SIke pIBHSIHHS Ha3UBAETHCS PIBHSHHAM 3 BITOKPEMIICHUMH 3MIHHUMHU ?
7. lllo Take piBHSHHS 31 3MIHHUMH, 1110 BiJOKPEMITFOIOTHCS ?

8. SIxke mpaBWIIO BITOKPEMIICHHS 3MIHHUX ?

9. lllo Take niHiiHE piBHAHHA | MOPAKY 3 MPaBOIO YACTUHOIO?

10. ¥ yomy nonsirae meroa bepuyimni?

11. lo skux piBHSIHb 3aCTOCOBYIOTH MeTOJ bepHyii?

12. SIxe piBHSIHHS Ha3UBAETHCS OJHOPIIHUM?

13. 1o Take piBHSHHA B MOBHUX AH(epeHiiianax?
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§ 2. IM®EPEHUIAJIBHI PIBHAHHA IPYT'OI'O ITOPAJAKY

2.1. IudepenuianbHi piBHsiHHA 11 mopsiaky 3 iBHO BiACyTHIM y

3arayibHUI BUTIIS PiBHAHB [ mopsaky:
S,y =0. (11)
Sk OyJio mokazaHo, piBHSHHA APYroro NOpsAKY BMIIIYE NB1 CyTTeB1 cTami. Jleski 3
PIBHSIHb JIONYCKAIOTh 3HMKEHHS MOPSIKY, B PE3yJbTaTl SIKOTO OTPUMYEMO PIBHSHHS
MEPIIOTo MOPSJIKY.
O3n. JludepeHiiiaTbHUM PIBHSHHS 3 SSBHO BIJICYTHIM ) HA3UBAIOTh PIBHSHHS BUIY:
f(xsy,ay"):()- (12)
SIKIIO BBECTH 3aMiHy )’ =z, TO MICJs MOBTOPHOTO AU(EPEHIIFOBAHHS OTPUMAE-
mo: V" = Z', Tomy piBHsiHHS Oyne Matu BUrAn f(x,z,z") =0, ke po3B’I3yeThCs K pi-
BHSIHHSI IEPLIOTO TOPSIKY.

[pukianx: po3B’si3aTd  piBHAHHSA V" + )'-#gx =COSX. 3HAWTH YaCTHHHHI
PO3B’sI30K, sIKUH Binnmoinae moyatkoBum ymoam: y(0) =1, »'(0)=0.

VY piBHSIHHI BIICYTHE ), TOMY BBOJIUMO 3aMiHy )’ =z = y"=z'. IlincTaBnstoun B
PIBHSIHHSI, OTPUMAEMO:

z'+z-1gx = cosx.

Maemo niHiiiHe audepeHiiagbie piBHIHHS | MOpsaKy, SKe PO3B’I3YETHCS 3aMIHOIO

z = uv. Tlicyas miCTaHOBKU OTPUMAEMO CUCTEMY PIBHSHB:
Vi+v-tgx =0,
{ u'v=cosx.
[lepie 3 oTpuMaHKUX PiBHIHB PO3B’SA3YEMO SK PIBHSIHHSA 3 BIIOKPEMIICHUMU 3MiH-

HHUMU:
dv dv
dv+v-tgy -di=0= —+1gx -dx=0= [—=—[tgx -dx > Inv =
v v

—sin x - dx cos x =t

dt
> hv=[—=mhv=Iht=>v=t=>v=cosx.
t

COS X —sin xdx = dt

Po3B’s13yeMO npyre piBHSIHHS CUCTEMU:
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u'v=cosx=u'cosx=cosx=>u'=1=u=x+C,.

Toni: z=uv=z=(x+C,)cosx = y'=(x+C,)cosx.

Haxmagemo no4aTkoBy yMOBY:

3(0)=0=0=(0+C)cos0=0=C,-1= C, =0.

OTmxKe, YaCTHHHMIA PO3B’I30K PiBHAHHS IIEPLIOTO MOPAAKY Oye:
y' =Xx-cosx.

P03B’sKEMO 1€ PIBHSAHHS:

y'=x-cosx = dy=xcosx-dx= Idy = [xcosx-dkx.

[ligiaTerpansHa cyma € 1o00yTKOM (GYHKIIIHM, HE 3B’ sA3aHUX MK COOOI0 uepe3 MoXi-

IHY, TOMY MOTpiOHO 3acTOCYBaTH (POPMYITY IHTEIPYBAHHS «4aCTUHAMUY:

xX=u;cosx-dx=dv

Iudv:uv—fvdujyzj'xcosx-dxz =xsinx—fsinxdx:

dx=du;v=sinx

xsinx—cosx+C.

14

VY pe3ynbTaTi OTpUMAaK PO3B’SI30K PIBHSIHHS APYTroOro MOpsAKY Y BUTIISIAL

y=xsinx+cosx+ C.

Haxnanemo nouatkoBy yMOBY:

y(0)=1=1=0-sin0+cos0+C=1=1+C=C=0.

3BiJICH YaCTUHHUI PO3B’ 30K PiBHSIHHS Oyje:

Yy = Xsinx + CosXx.
2.2. TudepenuianbHi piBHssHHA 11 mopsiaky 3 iBHO BiACyTHIM X
O3n. [ludepenuianbHUM pIBHSHHSA 3 SIBHO BIACYTHIM X Ha3UBaIOTh PIBHSHHS BUY:
Sy, y")=0. (13)
JlaHi pIiBHSHHS pO3B’SI3yIOTh 3a JIONOMOTOK BBEACHHSA 3aMinu ) =z(y) =

dz dz dy dz , ,dz dz

dx dy dx - dy dy dy

Toni f(y,z,z Z—Z) =0 € qudepeHIllaIbHUM PIBHIHHSAM MEPIIOro MOPSAKY.
y

[pukiaa: po3s’s3aty piBusHHA ¥ - )" = (')’.
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: : . . z
V piBHSHHI SIBHO BIJICYTHE X, TOMY BBOJMMO 3aMiHy y' =z = y" =z—.

dy
OTpuMaeMo: yz%:z2 :z(y%—z)zo.
dy dy
3BiJICH MTEPEXOAUMO JI0 CUCTEMHU:
z=0 2 =0 z=0 z=0
d_ = = Jdz _dy = | dz _ d_y:{ =0
ydy =z vdz = zdy - y J.Z - y Inz=Iny+InC

z=0 y'=0 y=C,
= = ' = Cx °
z=Cy y'=Cy y=C.e"

OTpumanu 3arajibHUI pO3B’ 30K PIBHIHHS JPYroro MOPSIAKY.

2.3. Jliniitni nudepennianbui piBHssHHA 11 nopsiaky
O3n. HeonHopianum audepeniiaibiuM piBHIHHAM Il nmopsiaky Ha3uBaroTh aude-
peHIliabHE PIBHSHHS BUIY:
V' p(x) -y +q(x)-y = f(x), (14)
ne p(x), q(x), f(x) — nesxi GyHKIT Bl apryMeHTa X .
V BkazaHOMY piBHSHHI QyHKIlis V' Ta T moxXigHi y' Ta y" 3HAXOASITHCS B MEPIIOMY

CTeNeH1 1 He IePEMHOXYIOTHCS MK CO0OIO.
O3n. OnHopignuM nudepeHianbHuM piBHsAHHEAM I mopsiaky HazuBaroTh qudepe-

HIl1aJIbHE PIBHSHHS BUIY:
V'+ p(x)y' +q(x)y =0. (15)
To6To, axmio y piBasHHI (14) f(x) =0, To oTpruMaemo JiHilHE OAHOpPiAHE nude-
peHIlIabHE PIBHSIHHS.

3 yCiX JIHIAHUX PIBHSIHb JPYroro nopsaky OyaemMo BUBYATH Taki, B SIKUX (PyHKII

p(x) ta g(x) 3amideni uucimamu p i g. Omke, OyJIeMO BUBYATH OTHOPITHI PiIBHSIHHS

BUAY:
Y'+py'+qy=0 (16)

Ta HEOJHOPIAH1 PIBHSHHS BUIY:
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V' py' +qy=f(x). (17)

Taxi piBHSIHHS HA3UBAIOTHCA JIHIMHUMU AUdeEpeHIlaTbHUMU PIBHSHHSAMU 31 CTa-
JUMU Koe(DillleHTaMHU.

Teopemu npo po3e’a3Kku 00HOPIOHUX PIGHAHD

1. Sxmo y, — neskuil po3B’s30k piBHSAHHA (16), To y=Cy Takox Oyne Horo
PO3B’ I3KOM.

Hus nepesipku niacraBumo y=Cy, B piBHAHHA (16), BpaxoByrouM, IO
y'=Cy/, y"=Cy/. Toni: Cy'+Cpy + Cqy, =0.

Bunecemo crany C sk MHOKHHK 1 otpumaemo: C(y!+ py! + qy,)=0, 3Bimku
C=#0,a y" +py +qy, =0 TOTOXHO (aJ)KE Y, € PO3B’SI3KOM).

2. Sxmo y, Ta y, — AedKl po3B’s3KH, TO Y = ¥, £ ), TaKOX € po3B’si3KkoM. Bpaxo-
Byemo, mo y' =yt y; iy =y/ty].

Toni:

WEHPIEY) T +2,)=0= O+ py + @)= (v + py; +qy,) =0,
7ie BUpa3u B Jy’KKaX TOTOXKHO JOPIBHIOIOThH HYJIIO.

3. dkmo y, 1 y, € neskuMHu po3B’sizkamu, T0: y =C,y, +C,y, YTBOPIO€E 3arajbHUi
po3B’s30k piBHHHA (1), B sikomy C, 1 C, — cyrreBi ctam (aus. §1). IlincraBumo neit
3arajbHUM po3B’ 30K y piBHSAHHSA (16):

Cy+CY+p(Cy+Cy)+q(Cy +Cy)=0=
=C('+py+qv)+C,(v,+ py,+qy,)=0, nec BUpa3u y Iy’KKax TOTOKHO JIOPiBHIO-

I0Th HYJIIO.
3 oCTaHHBOI TeOpeMH POOMMO BaXKJIMBHUM BUCHOBOK: SIKOM HaM BAAIOCS SKUMOCH

YMHOM 3HAlTH PO3B’SI3KM ), Ta ),, TO 0e3 Oyab-sKOr0o IHTErpyBaHHS MOIJIM O BiIpa3y

3amucaTy 3arajibHUi po3B’ 30K piBHAHHSA (16).

2.4. Po3B’5130K OTHOPIZHOI 0 PiBHAHHS

VYBaxxHo po3risaarouu piBHsIHHS (16), po3ymieMo, 110 pO3B’A3KOM HOTO HE MOKYTh

OyTH CTeneHEeBi, TPUTOHOMETPHUHI, JorapudmMiuHi, 00epHEH1 TPUTOHOMETPUYHI PYHK-
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uii. Cami QyHKIiT Ta iX nepia 1 gpyra NOXiHI CUJIBHO BIIPI3HSIOTHCS MK COOO0IO (117151

=1 r_ 1 "__ 1 © e . .
y=lnx=y =—=)"=——), mo y pasi ix miacraHoBku B (16) He nac MOXIUBOCTI
X X

OTPUMATH TOTOXKHICTH (3rajlyeMo, IO PO3B'SI30K 3aBXK/U MEPETBOPIOE PIBHAHHS B TOTO-
KHICTh). [IpakTUUHO 3aMUIIAIOTHCS OJHI TOKa3HUKOBI (PYHKIIIT, MOX1AHI SIKUX MOJI10H] 1
camiit QyHkuii, 1 Mk coboro. OTxe, cipoOyeEMO 3HAWTU ACSKUNA PO3B’SI30K PIBHSHHS
(16) cepen ¢Qymkuiin Tuny y =e“. Tomi ) =ke™, y"=k’e". IlincraBnsaroun B (16),
OTPUMAEMO:
k*e"™ + pke®™ + ge* =0= " (k> + pk+¢)=0.
Ockinbku e #0, 10!
k> + pk+q=0. (18)

OTtpumMaHe piBHSHHS HA3UBAIOTh XapaKTEPUCTHUHUM.

Y po3B’s3Kky y = e umcno k MycuTh GyTH TakuM, 100 3310BOJBHAIO XapaKTe-
PUCTHYHE PIBHSIHHSL.

Binomo, 1110 3a1€XHO BiJl JUCKPUMIHAHTA MOXYTh OyTH TPU BUIAJIKH:

a) muckpuMiHanT D >0, IcHye ABa pi3HUX KOpeH1 k, 1 k,;

0) D =0, oOuaBa KopeHi JiicHi i piBHI (Tak 3BaHUI TBOKPATHUN KOPIHB);

B) D <0, nificHi KOpeH1 BIICYTHI. AJle SKIIO ySIBUTHU, IO ICHYE KBaJIpaTHUN KOPiHb
3 BIJI’€MHOTO0 4Kclia (TaK 3BaHUN «ySIBHUN KOPIHB»), TO OTPUMAEMO JIBa KOPEH1 PIBHSH-
HSI.

3aranpHui poO3B’SI30K OJHOPIAHOTO PIBHSHHS 3aJ€XKUTh Bl JUCKPUMIHAHTA, & TO-
My M1 4ac po3B’si3yBaHHs piBHIHHS (16) HEOOXITHO CKIACTH 1 PO3B’sA3aTH XapaKTepuC-
TUYHE PIBHSIHHS.

2.4.1. Bunaook piznux 0iiicCHuUx KopeHie

Po3B’s3KOM XapakTEepUCTUYHOI'O PIBHAHHA € J1Ba uucia k, 1 k,. Lle o3Hauae, 1mo

kyx

iCHYIOTB JBa 4MCIIa, 32 JOMOMOIOK SKUX 3HAXOAUMO PO3B’A3KM: y, =€ 1 y, =¢

Toni:y=C,y, +C,y, =Ce"" + C,e"".

21



Bucnogok. SIKIO KOpPEHSIMM XapaKTEpUCTUYHOI'O PIBHSAHHA € uucia k, 1 k,, TO
PO3B’S30K OJJHOPITHOTO JIHIHHOTO IU(EPEeHIIAIBHOIO PIBHSIHHS APYroro MopsaKy He-
OOX1IHO ITyKaTH y BUTJISL

y=C]e"‘x +Cze"2x . (19)

[Mpuknan: po3s’sizaty piBHAHHA V" —7) ' +12y =0.

CkiaiaeMo Ta po3B’sHKEMO XapaKTePUCTUYHE PIBHSHHSA:

3x

k
B =Tk +12=0= (k-4)-(k-3)=0=| '~ . Toai T = Ce +Cet.
2 = Y, =€

Po3p’s3ane nudepeHiiagbHe pIBHAHHS HE BMIIIYE X, TOMY MHOro MOXHa
PO3B’sI3yBaTU METOJIOM 3HMKEHHS MOPANKY (IuB.§3, 11.2), ane 11e Habarato CKJIaIHiIIe.
2.4.2. Bunaook oiiicnux pieHUX KopeHie

SIKI0 TUCKPUMIHAHT XapaKTEPUCTUYHOTO DPIBHSHHS JOPIBHIOE HYIIO, TO KOpEHI

y, =Ce"

HpOro pIBHAHHA OyayTte k =k, =k, ToMmy: = y=Ce"+Ce" =

_ kx
Y 2 Cze
kx kx
=(C, +C,)e" =Ce",
OT)Ke, OTpHUMAJIN HC 3arajJbHUN pOSB’HSOK 3 ABOMA CYTTEBO HC3AJIC)KHUMU CTAIU-

MU, a OJuH YacTKoBHM. HeoOXiHO 3HAWTH Apyruil KOpiHb. YSBHUMO, 110 HAM BIAJIOCS

HE3HAYHO 3MIHUTH YUCIA p 1 ¢ Tak, MO PO3B’sA3KaMHU XapaKTEPUCTHUYHOTO PIiBHSHHSA
cranu uucina k, =k; k, =k + Ak (meron JI. Eitnepa). 3a Teopemotro Biera:
k+k,=—pikk, =q.
Tomi: y" —(k, +k,)y' +kk,y=0= y"—(2k + Ak)y' + k(k+Ak) =0, sxe HeobXigHO

e
Yy =e

’ : ’ : .
PO3B A3aTH. YacTkoB1 PO3B A3KH LbOT'O PIBHAHHA: (k) *

Y, =¢€
3riiHO 3 TEOpPeMOIo Ipo po3B’s3ku (§4) y, =y, — ¥, Takox Oyne po3B’s3KOM OH-

(k+Ak)x

. . fo fo Ao
(bepeHLiaIBHOTO PIBHSAHHSA, TOOTO: Y, =€ —e" =y, =€ (e —1) — po3p’s30k.

Kpim Toro, z_;c TaKoXX OyJe po3B’SI3KOM PIBHSHHS, TOOTO ), :Z—;C. Pozrasinemo

IpaHUYHUHN TEPEeXi:
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li — 1 )3 = li ekx(em_l)_ kxl eAkx ok
A}(l;l% YV, = AP;I})A_]( = A}flg%)A—k =e Ail;l})A—k =Xxe (ﬂpyra BH3HAYHA FpaHI/IHH).

Omxe, y, = xe" Takoxk Oyae po3s’s3KoM piBHAHHS. BpaxoByroun, mo y, =€, 3a-
rabHUI pO3B’ 30K Oy/1e MaTH BHUTJISI:
y=Cy+GCy,= Clekx + szekx-
Bucnogok. SIKIIO KOpeHi XapaKTepUCTHYHOTO PIBHSHHS — OJHAKOBI YHCIa, TOOTO
k =k, =k, TO po3B’sA30K JIHIHHOTO OAHOpPINHOTO Au(epeHuiaapHoro piBHsAHHA Il mo-
PAIAKY HEOOX1THO IIyKaTH Y BUTIISAL
y=Ce" +C,xe". (20)
[Mpuknan: po3s’si3aty piBHAHHSA V" —12)"+36y=0.
CkuazieMo Ta po3B’sDKEMO XapaKTepUCTUYHE PIBHAHHS:
k*—12k+36=0=(k—6)’=0=k =k, =6.

Kopeni xapakTepucTUYHOr0 piBHSIHHS OJHAKOBI, TOMY:

6x

y]:e 6x 6x
=>y=Ce" +C,xe™.

y, =€
2.4.3. Bunaook ysagnux KopeHis

Cepen AiiCHUX YKMCEI BiICYTHE YUCIO @, 1uist SKoro a’ < 0. SIKio neske Big’ eMHe
4ucino —a 3anucatu:—a =—1-a=-1-b>, ne b> > 0, To V—a=+-1-b" =
= ‘b‘ -/—1. SIK110 YABUTH, 110 ICHY€E TaKe YUCIIO (SIKOTO cepel JIMCHUX YKhCesl HacTpaBIi

HEMae), KBaJpaT SIKOro J0piBHIOE —1, TO J-1 Oyne nooyBatuck. [lo3HaUMMO 11€ YHCIIO

OykBoro I (Bin nat. «imaginaries»— ysasaui). Tomi i-i=i’ =—1= J-1=i.

SIKI0 pO3B’SA30K XapaKTepUCTUIHOTO PIBHSAHHSA Oyne: k = a £ ~/— D , T00T10 k =a x bi,

7e a — JICHEe 4ucio, a bi — ysaBHE, TO a *+ bi HA3UBAETHCA KOMIUJIEKCHUM YHUCJIOM.
3anuc a * bi Ha3uBaeThCs anredOpaiuHOI0 (HOPMOIO KOMILICKCHOTO yucia. Kpim Toro

xi

ICHy€e HOro mokasHuKoBa (hopma y BUIIISIAL e” Ta TPUTOHOMETpHUYHA (hopma y BUTIISAL
cosx tisinx. OmgHe i Te X YKUCIO MOXKE 3aMHCyBaTHCh Y Oyab-sKii 13 ¢popm. Hampu-

KJ1ana.
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e" =cosx+isinx, e =cosx—isinx (popmynu JI.Eitnepa), 3BiaKku:

exi +e—xi exi _e—xi
COSX =——, SinX = .
2 21

ko y popmyani JI.Eitnepa 3aMiHUTH X Ha nX, TO OTPUMAEMO BitoMy GhopMyIy
Myaspa: e™ = cosnx +isinnx.

Biamitumo, mo a * bi = r(cos@ tisin @).

3a ¢hopmynamu Eitnepa 3HaX0IAThCS Taki CITIBBITHOIICHHS :

_zj

e’ =l;e” =—lje* =ije * =—i Ta iHmi.

HKH_IO XAPAKTCPUCTHUIHC piBHSIHHSI Mae€ aBa piBHI/IX KOMIIJICKCHHX KOpeHi Y BUTJLA-

(a+bi)x ax _bxi, _ (a=bi)x

ni: k,=a+bi; k,=a—bi, 10 y, =€ =e“e™;y, =¢é =" e =
= y=Ce“e" +C,e"e™ =e"(Ce™ + C,e™). BuxopucroByemo popmyiay Myaspa:
e™ =cosbx+isinbx, e ™ =cosbx—isinbx.

Toni:

y=e"(C, (cosbx+isinbx)+C, (cosbx—isinbx))=e“((C,+C,) cosbx +
+i(C, = C,)sin bx) = e“ (C,cos bx + C, sin bx).
Yucna C, 1 C, — AOBUIBHI 1 MOXYTh OyTH IIMCHUMHM YU KOMIUIEKCHUMHU, TOMY
C,=C +C,1C,=i(C,-C,) — MoxyTb OyTH AiiicHumu uucnamu. Hanpuknan, sik-
mo C =3-i;C,=3+i, 10 C/+C,=3-i+3+i=6 (uiliche 4ucio) 1
i(C,—C)=i(3-i-3-i)=i(-2i)=-2i"=-2-(-1)=2 — Takox nilicne umciuo. Sk
3aB¥KIH, IO3HAYMMO 10BUIbHI cTani uepe3 C, 1 C, 1 OTpUMaEMO 3arajJbHUM po3B’A30K y
Burisai: e (C, cosbx + C, sin bx).

Bucnogok. SIKIIO KOpeHi XapaKTepUCTHYHOTO PIBHSHHS — KOMIUICKCHI YMCIIa, 110
MaloTh BUMIIAA k =a * bi, TO PO3B’SA30K JIIHIAHOIO OJHOPIIHOTO IU(DEepeHIaTbHOTO
piBHsSHHS 1] OPSAIKY MIYKAIOTh y BUTJISII:

y=e"(C, cosbx+ C, sinbx). (21)
[puknan: po3s’szatu pisasabs Y —4y +40y = 0.
CkimazeMo Ta pO3B’SDKEMO XapakTepPUCTHYHE piBHAHHA: k° —4k+40=0=
=k=2%6i.01xe, a=2, b=6. Tomi:
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y=e""(C, cos6x+C,sinbx).

Sk migcyMok maparpada MOKeMO HaBECTH aJITOPUTM PO3B’sI3yBaHHS JIIHIMHUX OJI-
HOpiTHUX AudepeniianbHuX piBHsAHb I nopsaky:

1. HeoOXimHO CKJIacTH XapaKTEpPUCTUYHE PiBHSIHHI.

2. 3HallTH KOpEH1 XapaKTepUCTUYHOrO PIBHSHHSA k, 1 k, .

3. SIkimo KopeHi milicHi i pisHi, To po3B’s30k y = Ce™ + C,e™",

4. SIxmio KopeHi AifcHi i piBHi, To po3B’s3ok y = Ce” +C xe" .

5. SIkio KopeHi KOMIUIEKCHI, TOOTO k = a + bi, TO po3B’ 30K

y=e"(Ccosbx+ Csinbx).

2.5. 3aranbHuil po3B’A30K HEOAHOPITHOT0 PiBHSIHHA

Po3risiHemo HeomHOpigHE piBHAHHSA V" + py' +qy = f(X), siKe BIAPI3HAETHCS Bia
OJIHOP1IHOTO HASBHICTIO MPaBOi YaCTHUHU y BUTJISA1 Oyab-sikoi PpyHkiii. Hexail ¢pyHkiis
¥, € NeAKUH YaCTUHHUHN PO3B’ 30K BKa3aHOI'O PIBHSIHHS.

Toni y=y,+y, € iioro 3arajJbHUM pPO3B'A3KOM DPIBHAHHSA, B SIKOMY ), — PO3B’f30K
OJTHOPITHOTO piBHSHHA (16).

[lincraBumo y=y,+y, y piBasans (17), BpaxoBywouu, mo Y =y, +y i
Y=Y+

Tomi: yy+y,+p(vo +y)+9( + ) =)=+ + @)+ (v, +py, +qp,) =
= f ().

Ane y+ py,+qy,=0, (¥, — PO3B’SI30K OJHOPIAHOrO PIBHSHHSI), a YACTUHHHI
PO3B’SI30K HEOAHOPIAHOTO PiBHAHHS )" + py. + gy, = f(x). B y, BXOAUTH Bi CyTTEBO
HE3QJIEKHUX CTalUX, TOMy y =y, +y, € 3arajlbHUM PO3B’A3KOM HEOJHOPIIHOrO piB-

HAHHA.

S0 piBHAHHS Ma€ BUTJISL:
Y+ py'+ay=fi(0)+ f,(x), (22)

. _ . . _
TO y, WIyKarOTh Y BUTISIL Y, +V, , 1€ y, — YaCTUHHHH *S30K PIBHSIHHS:
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V't py'+aqy=£(x), (23)
a y, — YaCTUHHUH PO3B'S30K PiBHSIHHS
VA py'+ +qy=/0). (24)
Inakme kaxyuu, A1t TOro, o0 po3B’s13aTu PiBHAHHA (22), HEOOX1AHO PO3B’A3aTH

piBHsHHS (23) 1 (24), 3 IKMX 3HAUTH PO3B’SI3KHU:

W=Vt Y, 1 =0+,
MICJST YOro 3amucaTH 3arajbHUil po3B’si30K piBHSHHS (21) 3a AOMOMOTOI0 MPUHLUILY
HaKJIAIaHHs Y BULISAAL y =Y, +Y, +V,

Po3rasHeMo npaBuiia 3HaXOMKEHHS ), AJA JesKuX QyHKIIH f(x).

2.5.1. f(x) —muozounen ¢udy P (x)

SIxuo nmpaBa yacTUHA HEOJJHOPIIHOTO PIBHSIHHS € MHOTOYJICHOM BHUY:

P(x)=Ax"+A _x""+..+ Ax+A4,,
TO YACTUHHMN PO3B’SA30K ), LIYKAIOTh y BUTIIAML:

a) y, =0 (x), axkmo g # 0, To0to Q (x)=a x"+..+ax+a,;

0) y,=x-0 (x), sxmo g =0; p#0;

B) ¥, =x"-0,(x), axmo p=q=0.

[pukian 1: po3s’s3aty piBasHas " —12)"+35y =35x" +11x + 25.

CkiazeMo Ta pO3B’SDKEMO XapakTepPUCTHYHE piBHAHHA k° —12k+35=0=
(k=35 (k-7=0=k =5k =T=y,=Ce™*+C,e".

V piBHsHHI ¢ =35#(0, TOMY YaCTUHHUHN PO3B’ 30K IIYKAEMO Y BUTJISIAI MHOTOUYJIEHA
JIpyroro creneHs (MpaBa YacTHHA PIBHSHHSA — TaK0X MHOTOWIEH JPYroro CTEeNeHs).
Omxke, y, =ax’ +bx+c € pO3B’I3KOM, KU TIEPETBOPIOE Mu(EPEHIiaTbHE PIBHAHHS B
TOTOKHICTh. 3HAXOJMUMO TOXimHI ¥’ Ta y", sKi pa3oM 3 ¥ MiJICTABUMO B PiBHSHHS:

y'=2ax+b;y"=2a=2a—-12(2ax+b) +35(ax’ +bx+¢)=35x" +11x+25=

= 35ax’ +(-24a +35b)x + (2a —12b+35¢) =35x" + 11x +25.

MHOro4ieHn TOTOXHO PIBHI, SIKIIO PiBHI KOEQILIEHTH 32 HEBIIOMUX 3 PIBHUMHU

CTCIICHAMH, TOMY:
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354 =35 a=1
—24a+35b=11 =<b=1=y, =x"+x+1.
2a—-12b+35¢ =25 c=1

VY pe3ynbrati 3araJbHui po3B’ 30K IU(epeHIianbHOTO PiBHAHHS Oy/ie:

y=Ce " +Ce” +x* +x+1.

[pukian 2: po3s’s3aty piBHsHAsS y" —7)" =21x* +8x + 5.

Xapakrepuctuune piBasHHs: k* —7Tk=0=k(k-7)=0=k =0;
k=T7T=y,=Ce"+C,e" = y,=C +C,e’". Y piBasuni g=0, TOMy 4aCTUHHHH
PO3B 30K IIyKaeMo y BUrIsmi: y, = x(ax’ +bx +c).

Toni: y, =ax’ +bx’ +cx= y' =3ax’ +2bx+c = y" = 6ax+2b. [lincraBumo B
piBHsAHHA: 6ax+2b—7(Bax’ +2bx+c)=21x" +8x+5=

= —2lax’ +(6a—14b)x+ (2b—T7c)=21x" +8x+5=

—2la=21 a=-1
=1<6a—14b=8=<b=-1=y =—x"—x" —x.
2b-Tc=5 c=-1

Baranbuuii poss’sa3ok 6yae: y=C +C,e’" —x’ —x* —x.
2.5.2. f(x) — nokaznuxoea gynxuin eudy Ae™™

YacTuHHMIA pO3B’A30K IIYKAIOTh Y BUTJISIL

a) y, =ae"™, AKIO m — HE KOPIHb XapaKTEPUCTUYHOIO PIBHSHHS;
0) y, =axe™, AKIWo m — OAMH 3 KOPEHIB XapaKTePUCTUYHOTO PIBHSAHHS;
2 ) . .
B) ¥, =ax'e", KO m — JBOKPAaTHUI KOPIHb XapaKTEPUCTUYHOIO PIBHAHHS.
[pukian 1: po3s’s3aty piBusHAsS " —12)"+ 35y = 6e™".
XapakrepuctuuHe piBHAHHS Mae Kopeni: k, =5;k, =7. Toni: y, =Ce™ +C,e™.
[Toka3Huk creneHss m =4 He 30ira€Tbes Hi 3 OAHUM KOPEHEM, TOMY:
4x ! 4x 4 4x
y,=ae” =y =4ae” =y =16ae”.
[TincraBisieMo B piBHSHHS 1 OTPUMAEMO:

16ae* —12-4ae* +35ae* = 6" = 3ae™ =6e* = a=2= y, =2e".
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3aranbHuii po3s’a30k piBasans: y =Ce™ +Ce’" +2e*.

[puknan 2: po3s’s3aTu piBHsSHAA y" —8)' +16) = 8e™".

Xapakrepuctuune piBHsHHSA k> —8k +16=0=(k—4)’ =0=k =4 . Po3B’s130K 01-
Hopiguoro pisusuEs: y, = Ce™ + C,xe"".

JIBOKpaTHUI KOpiHb OJTHOPIAHOIO PIBHSHHS 301ra€Thsi 31 CTENEHEM MMOKa3HUKOBOI
¢byHKUii [udepeHiaabHOro piBHAHHSA, TOMY:

y, =ax’e” = y' =2axe™ +4ax’e" =2a(x+2x*)e" =
= y"'=2a(l+4x)e™ +8a(x+2x*)e" = 2ae" (1+8x+8x?).

BHacnigok niICTAaHOBKU B PIBHSIHHS OTPUMAEMO:

2ae* (1+8x +8x*)—16ae* (x +2x*) +16ax’e"” =8e* =
= 2ae” (1+8x+8x> —8x—16x"+8x*)=8"=>a=4=
=y, =4e" = y=Ce" + C,xe" + 4e".

2.5.3. f(x) — ¢ynxuia euody P (x)e™

YacTuHHUI pO3B’ 30K PiBHSAHHS IIYKAIOTh Y BUTJISIL:

a) y, =0 (x)e™, AKIo m He € KOPEHEM XapaKTepUCTUYHOIO PIBHSHHS;

0) ¥y, =x0, (x)e™, axkmo m =k, abo m=k,;

B) y, =x’Q (x)e™, axmo m=k, =k, =k.

SIxuro B mpaBiif YaCTUHI HEOJAHOPIAHOTO PIBHSIHHS MHOTOWIEH € YHCIIOM, TOOTO

P (x)e™ = Ae™, To MaeMO 4aCTKOBHUI BUNIA/IOK, PO3TJISIHYTHH y ITyHKTI 2.

[pukian: po3s’s3atd piBusHHA " —12y"+35y = (3x* +4x—5)e™.

CkJazieMo Ta po3B’sKEMO XapaKTepUCTHYHE PiBHAHHS k° — 12k +35=0:
k=5k=T=y,=Ce” +C,e”. 3 ymoBu m=4, 10610 m#5; m#7. OTKe, YaCTUHHUI
PO3B’SI30K IIyKaeMo y BUIIsiL: y, = (ax’ +bx+c)e™.

v =QRax+b)e* +4(ax’ +bx +c)e* =(4ax’ +2(a+2b)x+ b+ 4c)e™ =
y'=B8ax+2a+4b)e™ +4(4ax’ +2(a +2b)x+b+ 4c)e™ =2(8ax® +8(a+b)x +

+a+4b+8c)e*.
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[TincTaBnsiemo B nudepeHiiiaibHe PIBHAHHS 1 OTPUMY€EMO:
(16ax® +16ax +16bx +2a +8b+16¢c)e™ —12(4ax’ + 2ax + 4bx + b +4c)e™ +35(ax’ +
+bx+c)e* =(Bx’ +4x—5)e™ = (Bax’ + (-8a +3b)x +2a —4b + 3c)e* =
= (3x’ +4x-5)e™ = 3ax’ +(-8a+3b)x+2a—4b+3c=3x> +4x 5.

I3 TOTOXKHOCTI OTPUMAEMO CUCTEMY JIIHIHHUX PIBHSIHB:

3a=3 a=1
—8a+3b=4 =b=4=y =(x’+4x+3)e".
2a—4b+3c=-5 c=3

3aranbHuit po3s’sa30k piBasaHs Oyae: ¥y =Ce™ +Ce™ +(x* +4x +3)e™".

2.5.4. f(x) — mpuzonomempuuna Qpynxuisn eudy Acosa x+ Bsina x

[IpaBa yacTHa PIBHAHHA € CyMOIO (YHKI[iH, TOMY BUKOPHUCTOBYEMO TPUHIIMI Ha-
KJIQJIaHHA, 3TIIHO 3 SIKUM YaCTUHHUU pPO3B’A30K PiBHSHHS IIYKAIOTh y BHIJISIAI CYMHU
JBOX YaCTUHHUX PO3B’SI3KiB.

YacTuHHUI pO3B’A30K ITYKAEMO Y BUTIISII:

a) y, =acosox +bsinox, KO i HE € KOPEHEM XapaKTePUCTUYHOIO PIBHSIHHS;

0) ¥, = x(acosax+ bsin ax), KO i@ — KOPIHb XapaKTEPUCTUUHOTO PIBHAHHSL.

Hpuknan 1: po3s’sizatu piBHsIHEL )" —5)"+ 6y = —18cos3x +12sin 3x.

CkIazeMo Ta po3B’sDKEMO XapaKTepUCTUYHE piBHsHHA k° —Sk+6=0= k =2,
k,=3.

y,=Ce™ +C,e™.

KopeHni piBHSIHHS JIHCHI, TOMY:

vy, =acos3x+bsin3x =y’ =-3asin3x+3bcos3x = y” =-9acos 3x —9bsin 3x.

[TimcTaBUMO B PIBHSHHSA 1 OTPUMAEMO:

—9acos 3x —9bsin 3x — 5(—3asin 3x + 3bcos 3x) + 6acos 3x + 6bsin3x =
=—18cos3x+12sin3x = (—3a —15b)cos3x+ (15a — 3b)sin 3x = —18cos3x+ 12sin3x.

3 TOTOKHOCTI OTPUMAEMO CUCTEMY PIBHSIHb:
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= = =
15a-3b=12 Sa-b=4 25a-5b=20 b=1

{—3a—15b=—18 {a+5b=6 { a+5b=6 {azl
—
= y, = cos 3x +sin 3x.
3aranbHui pO3B’ 30K PIBHIHHS:
y=C,e’" +C,e” +cos3x+sin3x.

[puknax 2: po3B’si3atu piBHAHHS V" + 4y =8cos2x + 12sin 2x.

CkiazieMo Ta pO3B’SKEMO XapaKTEpUCTUYHE DIBHSHHA k°+4=0=k’=-4=

k=12i.
Toni:
v, =C, cos2x+C, sin2x.

3HaueHHs i@ = 2i 301ra€ThCs 3 KOPEHSIMH XapaKTEPUCTUUHOTO PIBHAHHS, TOMY
v, =x(acos2x+bsin2x) =y =acos2x+bsin2x + x(—2asin2x +2bcos2x) =
=(a+2bx)cos2x+(—2ax+b)sin2x = y" =2bcos2x —2(a + 2bx)sin 2x — 2asin2x +
+2(—2ax+b)cos2x = (4b —4ax)cos2x — (4a + 4bx) sin 2 x.
ITizcTaBUBIIY 3HAYCHHS ), 1 ) y PIBHSHHS, OTPHMAEMO:

(4b—4ax)cos 2x—(4a +4bx)sin 2x +4x(acos 2x +bsin 2x) = 8cos2x +12sin2x =

4bcos2x—4asin 2x =8cos2x+12sin 2x.

b=2,

—4a =12 a=-3.

, 4b =8,
3 TOTOKHOCTI BUILIUBAE: =
Otxe, YaCTHHHHMN PO3B’ 30K MaTUME BHTIIAL: ), = X(2smn 2x —3cos2x).

A 3aranbHUM po3B’ 30K qU(EepeHIIaTIbHOTO PIBHAHHS

y=C,cos2x+ C,sin2x+ x(2sin2x —3cos 2x).

2.6. 3aranbHNUIl MeTOA PO3B’SAI3YyBAHHS HEOJHOPIAHUX AU(epeHIiaJIbHUX PiBHAHD
II nopsinky (merox Jlarpanxa a6o Bapianii J0BUILHHUX CTAJIHX)

VY nonepennbomy naparpadi po3risiHyTO METOAM 3HAXOJKEHHS PO3B’A3KIB HEOJI-
HOPIIHUX PIBHSAHB BUAY )"+ py'+qy = f(Xx) TUIBKH U1 ACSIKUX CTeUPIYHUX (PYHK-

il y mpaBiit yacTuHi piBHSHHSA. SKII0 BUTIsAa f (X) BiAPI3HSIETHCS BiJ BUTIISAY PO3T-
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JSHYTUX (PYHKIIIHM, TO 3aCTOCYBaTH HaBEJICHI METOW 3HAXOIKCHHS PO3B’A3KIB PIBHSIHb
HEMOXJIUBO. [[1s Takux BUNAJKIB iICHY€E 3amporioHOBaHMM JlarpaHkem 3araJibHUN Me-
TOJ PO3B’A3yBaHHs Mu(epeHIliaIbHUX PIBHSAHb, HA3BAHWN METOJOM Bapiallii TOBUIBHUX
CTajauX. 3riIHO 3 IIMM METOJOM Ha PO3B’sA30K OJHOpimHOro piBHsAHHA y,=C y, +C,),
HakJaznaeTbcsl ymoBa: 3aMicth uncen C,, C, miaiOpatu taki pyskuii C,(x) ta C,(x)3a
SAKUX:

y=C )y +C,(x)y, (25)
Oyne po3B’A3KOM HEOIHOPIAHOTO piBHAHHS. TakuM YMHOM, Ha JABI HEBiAOM1 (QyHKIIIi

HAaKJIaJICHO OJIHY YMOBY, TOMY JJI1 OJHO3HAYHOCT1 BUOOPY (PYHKIIIM HEOOXiaHA I11e O1-

Ha. 3a Ipyry yMOBY (U1 IOJIETLIEHHS pO3B’A3Ky) BUOepeMo TBepakeHH:: Hexail C,(X)
i C,(x) OyayTs Takumu, o6 )’ Maia TOW e BHUTJISII, KK BOHA Ma€ 3a CTalIUuX Koe-
¢ilieHTIB, TOOTO BUKOHYBaJIaCh YMOBA:
V' =C(x)y +C(x)y;. (26)
Ane y'=Cl(x)y, +C(x)y +C(x)y, + C,(x)y, = (C/(x)y; + C,(x)y,) +
+(C/(x)y, + Ci(x)y,) , 3BimKu:
C/(x)y, +C.(x)y, =0. (27)
3uaxoaumo 3 (26) apyry noximuy: y" =C/(x)y +C,(x)y'+ C.(x)y. + C,(x)y), To-
1i " = (C, ()Y + C, (00 +(Cl(x)y, + LY.
[TizcraBuMo oTpuMaHi 3Ha4eHHs y, ', " B y"+ py' +qy = f(x):
(C, ]+ C ()Y +(CLY, + ClYs + pC @Y, + Cy) +4(C )y, + C, () y,) =
= f(x)= (C,(0)¥]+ pC, (X)) +4C,(x)3,) + (C,(X)¥! + pC,(x)y, +
+4C, (0¥ + (Clx)Y, + C)Y) = f ().
Po3B’s13ku y, 1 y, — YaCTHHHI PO3B’SA3KH OJHOPITHOTO PIBHSIHHSA, TOMY BHpa3u y
MEPIIUX TBOX AYKKaX TOTOKHO JOPIBHIOIOTH HYIIO, TOOTO:
C (x)y/+ pC(x)y +9C(x)y, =0 i C,(x)y; + pC,(x)y, +qC,(x)y, =0.
Toni:
Cl(x)y +C(x)y, = f (). (28)
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Lle piBHSHHS € pe3yJbTaTOM HaKJIAaJaHHS JPYroi yMoOBH. 3BOJAUMO PiBHSIHHSA (27) 1

(28) y cucremy:

{ C/(x)y, +Cy(x)y, =0 (29)

Cl)y + C(x)y; = f(x)
I3 cucremu 3uaxomumo Heinomi C(x) i C5(x), iHTerpyBaHHs AKHUX Ja€ MOXKIIH-

BicTh 3HaTH C,(x) 1 C,(x).

[puknana: po3B’s3aTu piBHAHHA V" + 4y = e
cos 2x

PO3B’S130K XapaKTepUCTUYHOTO PIBHSHHS: k° +4 =0 = k =+2i, Toxi: y, = cos2x;
y,=sin2x =y, =C,cos2x+C,sin2x.

3HaX0AUMO MOXiAHI: Y| = —2sin2x;y, = 2cos2x. 3aNUIIeMO CHCTEMY:

Cly,+Ciy,=0 C/cos2x+C,sin2x=0
4 : 4
Cly/+Cly, = - —2C/sin 2x+2C. cos 2x = =
cos 2x cos 2x

C/cos2x+C,sin2x=0

, 2 *
= —C/sin2x+ C. cos2x = ®)

CcoS 2x

[ToMHOXHUMO TIepIIie PIBHAHHS HA SIn2x, a Ipyre — Ha COS2X 1 OTPUMAEMO:

C/sin2x-cos2x+C,sin’2x=0
—C’sin2x-cos2x+Clcos’2x=2"

3a nonaBaHHsA piBHAHB oTpuMaemo: C.(sin’2x +cos’ 2x)=2=> C, =2. Ilixcra-
BUMO #oro B (*) i orpumaemo: C| cos2x +2sin2x=0= C/ =-2tg2x.
3naxogumo Qynkuii C (x) 1 C,(x): C,(x)=2x+C,;

—dt

2t

dx = .
—2sm2x=dt

C/(x)= —2jtg2xdx = —2J'

sin 2x cos2x=t
cos2x

=j%=lnt+€4 =Incos2x+C,.

[TincTaBnsitoun oTpuMaHi 3Ha4eHHs QYyHKUIH y piBHSAHHSA (24), OTpUMaEMO:
y=(Incos2x+C,)cos2x+(2x + C,)sin2x = C, cos2x + C, sin2x + cos 2x - In cos 2x +

+2x-sin2x.

32



[To3naunmo noBuAbHI cTam Outbml 3BuyHMMHU C, 1 C,, TICISA YOO PO3B’SI30K PIB-

HAHHA 3alIMIIICMO.

y=C,cos2x+C,sin2x+cos2x-Incos2x + 2x - sin 2x.

Otpumanu po3s’s3ok: y, = C, cos2x+C,sin2x;y, =2x-sin2x+ cos2x-Incos2x.

3ABJIAHHS JUISI CAMOCTIMHOI POBOTH

Po3B’s13aTu AudepeHIiianbHi piBHAHHS METOJOM IMOHUKEHHS MOPSJIKY:

56. xy"+y'=0; 57. w" =1+ y";
58. y"—xy'=0; 59. y"+ y'=sinx;
60. 2y"y" =1; 61. 2" =y>+()')*;
62. x)" =1+x’; 63.y"+2xy"”" =0;
64. xy"—y' =x’e"; 65. y"—xy, =x’—x;
66. (1+x2)y"+ 2xy" = x°; 67. y"+ y'tgx =sin2x;
68. 3y +4)y"—3y"” =0; 69. (y—1)y" -2y =0.
3HalTH YaCTHHHMHI PO3B’A30K 331aHOTO PIBHAHHSL:
70. yy" =2y, y(0)=y'(0) =0; 71. 1" = ()2, ¥(0)=1; y(0) = 3;
72.2)y"=3+(y), y() =y =1; 73. xy" =y =lnx, yO) =y’ =1;

74. xy" —y' =x’e", y(0)=-1;(0)=0; 75. y" + y'tgx =sin 2x, y(0)=1;y'(0)=0;

76. x’y"+x’y' =1,y(1)=y'(1) =1.

3HailTH 3arajibHi po3B’A3KU JIHIMHUX OJHOPIIHUX AU(PEPEHIIAIbHUX PIBHAHD:

77. y"+2y' -3y =0; 78. y"-2y"+y=0;
79. y"+3y=0; 80. y"' -4y +5y=0;
81. y'—-4y=0; 82. y"+4y=0.

3HailTH 3arajibHi po3B’A3KU JIHIMHUX HEOJHOPIAHUX AU EepeHIialbHUX PIBHSIHb:

83. y'+2y'+y=-2; 84. y'+y'=4;
85. y"+2y' +2y=1; 86. y"+2y' =x"—1;
87. y"+6y'+5y:€2x; 88. y"+4y'+3y:9e_3x;
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89. y'+y =xe™; 90. y"—-2y' =4x’e";

91. y"—6y'+ 25y =2sinx+3cosx; 92. y"+4y=3cosx.

IHANBIAYAJIBHE 3AB/IAHHSA

1. Posp’si3at audepeHiiaibHe pPIBHAHHS METOJIOM TOHUXEHHS TMOPSAKY:
y'+y =4x.
2. 3HalTH 3arajJbHUM PO3B’SI30K JIHIMHOTO OJHOPIAHOTO IU(EPEHIIaTbHOTO PiB-
HSIHHS:
a) y'—2ny'+n’y =0; 0) y"+n’ =0; B) y'—(n+2)y"+2ny =0.
3. 3HaiiTu 3arajbHUI PO3B’A30K JIHIKHOTO OJHOPIIHOIO JU(PEPEHIIATBHOIO PiB-
HSIHHS:
a) y' —(1+n)y +ny=x>+nx+(n+1); 6) y"+n’y=(n—1)cosx,

A€ n — HOMCDP CTYACHTA 3a CIIMCKOM.

IHATAHHA 1151 CAMOIIEPEBIPKH

1. Sxi piBusinng 1 nopsiaky A0MycKarOTh NTOHMKEHHS MOPSIAKY ?
2. Illo Take niHiiiHe onHOpiAHE piBHIHHSA Il mopsiaky?
3. SIk yTBOpIOETHCS XapaKTEPUCTUUYHE PIBHSIHHS?
4. Skuil BurnAn Mae po3B’A30K oaHOpigHOro piBHsAHHA Il mopsnaky 3a gonmatHoro,
B1JI’€MHOT'O Ta HYJIbOBOT'O TUCKPUMIHAHTY?
5. lllo Take HeoxpHopiaHe piBHSAHHA II mopsaky?
6. SIka cTpykTypa po3B’si3Ky HEOAHOPIAHOTrO piBHSIHHA I mopsanky?
7. 51K 3HaXOAUTHCSI YACTUHHUN PO3B’ 30K HEOJHOPIIHOTO PIBHAHHS JJIs IPABOI YaCTH-
HU y BUTJISIL: @) MHOTOYJICHA;
0) MOKa3HUKOBOI () YHKIIIT;
B) 100yTKY MHOTIOUYJIEHa Ha TTOKa3HUKOBI ()YHKIIIT;

') TPUTOHOMETPUYHOT (QYHKIII.
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8. SIK 3HaXOIUThCS YACTUHHUN PO3B’ 30K HEOJHOPITHOTO PIBHSAHHS, MpaBa YaCTUHA
AKOTO € CyMOIO () YHKIITA?

9. ¥V yomy noJssirae 3MIiCT METOY Bapiallii TOBUIbHUX CTAUX?

§ 3. Cucremu nudepeHnialbHUX PIBHAHD

PosrisiHemo cuctemy 3 1BOX nudepeHianbHuX piBHAHD | MOpSAAKY y BUTIISIL
4 —
y - ﬁ (X H y s Z )9
!
z' = f,(x,,2).
AKY Ha3UBalOTh HOPMAJIBHOIO.
PosristHemo anropuT™ po3B’si3yBaHHS TaKUX CUCTEM:

1. IlponudepeniitoBatu piBHsHHSA y' = f(x,y,z) 1 oTpumat )" .

2. 3aMiHMTH B OTPUMAHOMY PiBHSIHHI 3HAYEHHS z' JIPYTMM PiBHSIHHSIM CHCTEMH.

3. 3HalTH 3 MEpIIOro PIBHSIHHSA CUCTEMHU 3HAYEHHS Z 1 MOT0 TaKOX MIJCTABUTH Y

3HaWJICHE BUIILE PIBHIHHI 3 )" .

4. Otpumatu piBHaHHS Il mopsaKy, sike BMIlIye 3MIHHY X Ta (YHKIIiIO ) pa3oM 3 ii

noxigaumu y' ta y".

5. Po3p’s3atu piBHsHHA 1] mopsiaky 13HalTH ).

6. 3HaliTH ' 1, MiZCTABJISIFOYM HOTO Ta V' y MEpIIe PIBHSIHHS CUCTEMH, 3HAWTH Z .

y'=y-z

[lpuknaa: po3s’s3aTH cUcTeMy IudepeHLiaJbHUuX PIBHSIHb :
Z'=y+z

Judepenmitoemo niepiie piBasHHs: Y =y —z' = y' =y = (y+2)=y'—-y—-z (¥)
3 mepiuioro piBHSIHHS CUCTEMH 3HAXOIUMO: Z =) — ). (**)

[TincraBnsiemo oTpuMane 3HaueHHs z B (*):

Y=y —y—y+y =" -2y +2y=0=k’-2k+2=0=k=1+i =

= y=¢e"(C, cosx+ C,sinx).

OnuH po3B’ 430K 3HANAECHO.

3naxoaumMo )’ i mifcTaBiseMo i B (¥*):

y'=e"(C,cosx+C,sinx)+e*(-C,sinx+C,cosx)=¢e"(C,+C,)cosx+
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+(C,-C)sinx)=>z=y—-y = z=¢"(C,cosx+C,sinx)— e ((C, + C,)cosx +
+(C, = C,)sinx) =e"(C,sinx — C,cos x) — 1e ApYruii po3B’sA30K.

, y=e"(C, cosx+C,sinx)
3anumeMo po3B’A3KH B CUCTEMY: ' .
z=e"(C;sinx—C,cosx)

3ABIAHHS 1JISI CAMOCTIHHOI POBOTH

Po3B’s3aTu cuctemu AudepeHIiaibHIUX PIBHIHb:

3 r_ +3x

03. 17 =73, 94. {7 757¢

Z=y+5z’ z'=y+5e™

= — ' = + 2

95.] V=77 9.1 0 T

z =3y+6z z =4y +2x

—4y— f o F

97. 47 =, 98.{ ¥ ¢

Z'=y+2z z'=4y+2¢"
"=2x-3v—-4 "=2y+4z+cos
99.{y FoyTaz, 100.{y, FTAZT X,
zZ=x+y+z z =—y—2z+sinx

101.{y'=1—|-4x+2y+4z_ 102, {y'=2y+z+cosx-

Z'=y+z+15x" z'=3sinx—y

IHANBIAYAJIBHE 3AB/IAHHSA

y=y-nz

z'=y+(n+1)z’ AC T HOMED

Po3p’s13aTu cucreMy nudepeHiiagbHUX PIBHSHD: {

CTYACHTA 3a CIIMCKOM.

INMUTAHHS I CAMOIIEPEBIPKH
1. SIk po3B’sI3yI0TbCA CUCTEMH, CKIAJEHI 3 JBOX AU(PEPEHIIATIbHUX PIBHAHB MEPIIOro
nopsaky?
2. J1o piBHSIHHS SIKOT'O MOPSIIKY 3BOJIUTHCSI CUCTEMA 3: @) ABOX PIBHSHB MEPIIOTO

MOPAZIKY; 0) TPbOX PIBHSIHB NEPIIOTO MOPAAKY?

36



BIJIMTOBIJI 10 3ABJIAHbB JIJIs1 CAMOCTIIIHOI POBOTH

1 1 1 X
l. y=—e > +C; 2. y=——cos5x+C; 3. y=—arctg=+C;
4 2 Y 5 Y 2 g2
1 X 1
4, y=——ctg2x+C; 5. y= ; 6. y=In ;
Y= YT1oxC Y (C—@j
7. v=[ e, 8. y=—LtetgaxiC; 9 y=C-—1;
. = B . =——C X 5 . = -,
8 Y= Y 2x
10 1 11 ! 12 y=———2
Y=t Y=y Ly = ,
1L54x+C (c—Vx) JRx +ac)
- 14
5 )
13.y= || ———1 ; 9 .17 y=AWl+x*+C| —1;
\/[IOC—T\/)C_SJ y_\/(z_o X +Cj, Y \/( )
2 C?sin’ x—1
18. y=2lnx—x* +2C: 19, y=I . g, o Cosimx—1
y \/ n‘x‘ X 2 y g‘102x+c 0 y 2 9
21.arcz‘g£:ln(C x° +y2); 22. Cy = ylny + x; 23. y = xtg(Cx);
Y
24. 2Cy = C*x* +1; 25. y = xe'"“; 26. y—2x=Cx*(y+x);
27. y*+x* =Cy; 28. y’ :xz( );  29.x*=C*-2Cy;
30. Cyzei' 31. y=e"‘2(C+%j; 32. y=e“,
33. y=(x+C)1+x°); 34. y=Cx* +x*; 35. y=Ce™ +x—1;
36. y=sinx+Ccosx; 37. y:ex(ln‘x‘+C); 38. xy:C—ln‘x;
4x
39. y=x(C+sinx); .y=e" ; 41. y=—7—;
y x( sznx), 40. y=e (x+C), y xln‘Cx‘
1 1 4x 1
1 1 43 y=— s o= Lo )
42.y \/x2+Ce2"2+2’ y ln‘x‘+1+xC 44. y 2(1+y ),
4x
45, p=— % . N = . 1,
y 1+ln‘y‘+Cy 51. y x*+Cx; 52.3xy+2x" +y =C;
53. 4x2+xy2+%y4 =C; 54. xe’ + ye* =C, 55.x+% (x2+y2)3 _y?_c;
65. y=CarctgCx+C,; 66. y=e*(x—1)+C +C,x’;
67. y=C, sinx+C2—x—szzx; 68. lln‘3y+4‘=C]x+C2;
1
69. =T+ —— 70.y = C, Inx|+ C,; 71. ln‘Cy+1/C ¥, ‘ (x+C,);
]x 2
77. y=Ce" +C,e™; 78.y=Ce " +C,xe"; 79. y=C cos/3x+C,sin\3x;
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80.y =e*(C,cosx+C,sinx); 82. y=Cln*x—Inx; 83. y=e"(C,+C,x);
84. y=4x+C +Ce™; 85. y= %+e"‘(C]cosx+C2sinx);
86.y=Ce" +C,e"-5x-2; 87. y=C,+C,e™ +x’;

88. y=Ce' +C,e™ —3x" —3x+45; 89. y=Ce  +C,e” +%ezx;

90. y=Ce +C,e"4,5¢7";91. y =e” ((C,cosdx + C sindx) + L(14cosx +5sinx)).
y 1 2 1 2 102
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